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The Einstein-Langevin equation is a perturbative correction to the semiclassical Ein-
stein equation which takes into account the lowest order quantum fluctuations of the
matter stress-energy tensor. It predicts classical stochastic fluctuations in the metric
field which may describe some of the remnant gravitational fluctuations after the pro-
cess of environment induced decoherence driving the quantum to classical transition of
gravity.
1 Introduction
It is believed that there might be a regime in the early universe in which gravity can
be described classically, whereas the other fields (“matter” fields) must be treated
quantically. One of the open problems in the theory of quantum fields is the study of
the equations which describe the dynamics of gravity in such “semiclassical” regime.
The usual approach to this problem is the description of the dynamics through the
semiclassical Einstein equation. However, some arguments have been often given
in the literature which make manifest that such description has some limitations.
One can argue that the classical metric appearing in the semiclassical equation must
correspond, from the point of view of a quantum theory of gravity, to the expectation
value in the semiclassical regime of some quantum metric operator. Thus, one can
expect that, in general, this equation will give some kind of mean value description
of the classical spacetime geometry. This will be a good description only in the
limit where the fluctuations of the spacetime geometry about its mean value are
negligibly small. It is believed that this condition can break down when the state
of the matter fields is such that their stress-energy tensor has appreciable quantum
fluctuations.1,2 A better description in some of these situations might be through
the Einstein-Langevin equation, which describe the dynamics of small stochastic
corrections to the solutions of the semiclassical Einstein equation.3,4
2 The semiclassical Einstein equation
For simplicity, we shall consider matter as described by a linear quantum field.
Let (M, gab) be a globally hyperbolic spacetime and consider a linear quantum
field Φ on it, whose corresponding field operator is Φˆ[g]. Let |ψ〉 be a physically
acceptable state (a state satisfying the Hadamard condition) of this field. The set
(M, gab, Φˆ, |ψ〉) is a solution of the semiclassical Einstein equation if it satisfies
1
8piG
(Gab[g] + Λgab)− 2 (αAab + βBab)[g] =
〈
TˆRab[g]
〉
, (1)
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where TˆRab[g] is a renormalized stress-energy tensor operator for the matter field
quantized in the spacetime (M, gab) and the expectation value is taken in the state
|ψ〉. In the above equation, 1/G, Λ/G, α and β are renormalized coupling con-
stants, Gab is the Einstein tensor, and Aab and Bab are the local curvature tensors
obtained by varying with respect to the metric the action terms corresponding to
the Lagrangian densities CabcdC
abcd and R2, respectively (Cabcd is the Weyl tensor
and R is the curvature scalar). The stress-energy tensor for a given solution of
the semiclassical equation (1) will in general have quantum fluctuations. To lowest
order, such fluctuations are described by the bi-tensor, which shall be called noise
kernel, defined as
4Nabcd[g](x, y) ≡
1
2
〈{
Tˆab[g](x)−
〈
Tˆab[g](x)
〉
, Tˆcd[g](y)−
〈
Tˆcd[g](y)
〉}〉
, (2)
where { , }means the anticommutator, and where Tˆab[g] denotes the unrenormalized
stress-energy operator (suitably regularized, with the regularization removed at the
end of the calculation). For a linear quantum field, this quantity is finite and the
operator Tˆab can of course be replaced by the renormalized one, Tˆ
R
ab. If the value
of the noise kernel is appreciable, the description of the gravitational field based
on the semiclassical equation (1) might break down. The quantum stress-energy
fluctuations might induce classical stochastic fluctuations in the metric field, which
may be viewed as classical remnants of the quantum fluctuations in the gravitational
field after the process of environment induced decoherence driving the quantum to
classical transition of gravity.2
3 The Einstein-Langevin equation
The Einstein-Langevin equation that we shall present in this section give the first
order perturbative correction to the semiclassical Einstein equation (1) which take
into account the lowest order stress-energy fluctuations, described by (2).4 We shall
assume that such correction can be described in terms of a linear perturbation hab
to the semiclassical metric gab, solution of Eq. (1). In order to give the dynamical
equation for hab, let us introduce a Gaussian stochastic tensor ξab[g] characterized
by the following correlators:
〈ξab(x)〉ξ = 0, 〈ξab(x)ξcd(y)〉ξ = Nabcd(x, y), (3)
where 〈 〉ξ means statistical average with respect to ξab. The Einstein-Langevin
equation for the metric perturbation hab is
1
8piG
(
Gab[g+h]+Λ (gab + hab)
)
−2 (αAab + βBab)[g+h] =
〈
TˆRab[g + h]
〉
+2ξab[g],
(4)
where this last expression has to be understood as a correction to (1) linear in
hab. The metric perturbation hab, is a classical fluctuating (i.e. stochastic) field,
that is, a field to which one assignes a classical probability distribution functional.
The mean value of the physical metric, gab + 〈hab〉ξ, as we can see by taking the
mean value of Eq. (4) with respect to ξab, is a solution of the semiclassical Einstein
2
equation linearized around gab. Notice that in Eq. (4) the stochastic source ξab[g]
is not dynamical since it is defined through the semiclassical metric gab by the
correlators (3). It is easy to show that it is covariantly conserved up to first order
in perturbation theory and it is thus consistent to include this tensor in the right
hand side of Eq. (4). One can also see that for a conformal quantum field, i.e. a
field whose classical action is conformally invariant such as a massless conformally
coupled scalar field, one has that gabξab = 0. Thus, in this case, the trace of the
right hand side of Eq. (4) comes only from the trace anomaly. Being (4) a stochastic
equation for hab, this metric perturbation can only be determined in a probabilistic
way. Thus we can only attempt to compute statistical averaged quantities such as
its correlation functions.
4 Discussion
We have introduced the Einstein-Langevin equation to give a classical effective de-
scription of the effect of the lowest order stress-energy quantum fluctuations on the
spacetime geometry. A number of equations of the Langevin type for some spe-
cific cosmological models have recently been given in the literature using functional
methods.3 The two point correlation function of the metric perturbation have also
been computed and discussed in some of these works. The functional methods used
are actually motivated by the study of the process of environment induced decoher-
ence, which explains the appearence of effective classical equations of motion for a
field starting from the fundamental quantum theory of this field in interaction with
other quantum fields.2 One can show that Eq. (4) can be derived formally using
these methods.4
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